Mathematica 11.3 Integration Test Results

Test results for the 201 problems in "6.5.3 Hyperbolic secant
functions.m"

Problem 27: Result more than twice size of optimal antiderivative.

J Sech[a+bx]? dx

Optimal (type 3, 11leaves, 2 steps):
ArcSin[Tanh[a + b x]]
b

Result (type 3, 34 leaves):

2Ar‘cTan[Tanh[% (a+bx)]] Coshfa+bx]+/Sech[a+bx]?

b

Problem 79: Result more than twice size of optimal antiderivative.
J(a+a$ech[c+dx])3/2dlx

Optimal (type 3, 66 leaves, 4 steps):

2a*2ArcTanh| —a Tanhicrdx]
a+a Sech[c+d x] 2a’Tanh[c+dx]
+

d d+/a+aSech[c+dx]

Result (type 3, 135leaves):
1

d (1+ecdx)

a (—2+2ec*dx+c\/1+e2(c*dx) +d\/1+ez(c*dx) X +

1+e? (9 ApcSinh[e®dX] - \[1+e? (<9% Log[1++/1+e? (@rdX ]] \/a (1+Sech[c+dx])

Problem 80: Result more than twice size of optimal antiderivative.

J\/a+a5ech[c+dx] dx

Optimal (type 3, 37 leaves, 2 steps):
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2\/?Ar'cTanh[—\L;]—a Tanh[c+d ]

a+aSech[c+dx]

d

Result (type 3, 77 leaves):
1

d (1+ ec*dx>

1+ @2 (crd®) [c+dx+Ar‘cSinh[ec*dX} -Log[1++/1+e?(¢rdX ]J \/a (1+sech[c+dx])

Problem 82: Result more than twice size of optimal antiderivative.

1
j(a+a$ech[c+dx])3/2

dx

Optimal (type 3, 114 leaves, 6 steps):
2 ArcTanh { M} 5 ArcTanh [ a Tanh[c+d x]

a+aSech[c+d x] V2 +/a+aSech[c+dx] Tanh[c +d Xx]

a3’2d 2+/2 a¥2d 2d (a+aSech[c+dx])*?

Result (type 3, 231 leaves):

1
Cosh[—(c+dx)]35ech[c+dx]3’/2
2
d c+dx
V2 ez X 1+e?(erdx (4c+4dx+4Arcslnh[ e dx] - 54/2
1+e c+dx

Log[1+ e %] —4Log[l+~/1+e? (¥ | 15+/2 Log[1-e“ 9% +~/2 1/1+e? (90 ]]—
2sech[> (c+dx)] Tanh[> (c+dx)]

\/Sech[c +dx]

/(Zd (a (1+Sech[c+dx}>)3/z)

Problem 85: Result more than twice size of optimal antiderivative.

J\/ 3 +3Sech[x] dx

Optimal (type 3, 19leaves, 2 steps):

2+/3 ArcTanh [ w]

\/1+Sech[x]

Result (type 3, 54 leaves):
NERETSE (x+Ar‘cSinh[eX] - Log[1++/1+e2* }) \1+Sech[x]

X

l+e
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Problem 86: Result more than twice size of optimal antiderivative.

J\/ 3 -3Sech([x] dx

Optimal (type 3, 21 leaves, 2 steps):
Tanh [x] ]

\/1-Sech[x]
Result (type 3, 56 leaves):
A3 V14 e2x (—x+Ar‘cSinh[eX] +Log[1+V1+e2X ]) \/1-Sech[x]

-1+eX

2 \EAr‘cTanh[

Problem 94: Unable to integrate problem.

1
J dx
va+bSech[c+dx]

Optimal (type 4, 106 leaves, 1step):

a+b a+b

L a+bSech[c+dx
—2+/a+b Coth[c+dx] EllipticPi]| , Ar‘cSin[\/ : [c+dX] 1 ]
ad a a+b a-b

b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b

Result (type 8, 16 leaves):

1
J dx
va+bSech[c+dx]

Problem 129: Result more than twice size of optimal antiderivative.

JCoth[c+dx]3\/a+bSech[c+dx] dx

Optimal (type 3, 217 leaves, 13 steps):

2 \/;Ar'cTanh[ a+bSec\/h7[c+d X] } a ArcTanh [ 3{a+bSecht[)c+d X] ] 3 bAr‘cTanh[ a+b Sechiud X] ]
a A/ a- A a-

- +
d Va-b d 4+/a-b d

1/ a+bSech[c+dx] a+b Sech[c+d x]
aArcTanh| Jab | 3bArcTanh] Jab ] Coth[c+dx]2+/a+bSech[c+dx]

\Ja+b d . 4~/a+b d 2d
Result (type 3, 844 leaves):
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(-%—%Csch[c+dx]2) a+bSech[c+dx] ) 1

d 4d~/b+aCosh[c+dx] /Sech[c+dx]

[[Bb (\/ab ArcTan | Va b +aCosh[c+dx] | +v/-a-b

v/-a-b +/aCosh[c+dx]

\a V/b+aCosh[c+dx]
va-b VaCosh[c+dx]

ArcTanh |

-a+aCosh[c+dx
- [c+dx] (a+aCosh[c+dx])
a+acCosh[c+dx]

(\E\/—a—b va-b \/-1+Cosh[c+dx] VaCosh[c+dx] /1+Cosh[c+dx]

\/Sechfc +dx] )+

5 {mArcTan[ \/a V/b+aCosh[c+dx] ] -
v-a-b \/aCosh[c+dx}

a b +acCosh[c+d
v-a-b Ar‘cTanh[\/—\/ : [c+dx] ]

vJa-b +aCosh[c+dx]

v acCosh[c+dx]

/

(\/?\/—a—b va-b v/-1+Cosh[c+dx] V1+Cosh[c+dx] )+

a+acCosh[c+dx]

- a Cosh d
\/ ax [c+dx] (a+aCoshc+dx]) vSech[c+dx]

2a

b +acCosh[c+dx]

-4~/a-b ArcTan| |+ v/a ArcTan

[ va vVb+aCosh[c+dx] ]

v/ -acCosh[c+dx] vJa-b +/-aCosh[c+dx]

\/?\/ﬁArcTanh[ \/?\/b+aCosh[c+dx} ]

v-a-b +/-acCosh[c+dx]

v/ -acCosh[c+dx]

\/a+aCosh[c+dx] (a+acCosh[c+dx]) Cosh[2 (c+dx)]|Sech[c+dx]

a+aCosh[c+dx]

/

(\/7afb va-b +/-1+Cosh[c+dx] +1+Cosh[c+dx]

(a272b2+4b (b+acCosh[c+dx]) -2 <b+aCosh[c+dx])2))] va+bSech[c+dx]

Problem 130: Attempted integration timed out after 120 seconds.

J\/a+bSech[c+dx} Tanh[c +dx]?dx

Optimal (type 4, 344 leaves, 7 steps):

] ]
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1 a+bSech[c+dx a+b
- 2a(a-b)~/a+b Coth[c+dx] EllipticE[Ar‘cSin[\/ - [c+ }}, - ]
3b2d - a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
a+b a-b 3bd
a+bSech[c+dx a+b
2+/a+b (a+2b) Coth[c+dX] EllipticF[Ar'cSin[\/ - lerdx) ), 22
a+b a-b

\/b(lSech[c+dx]) \/ b (1+Sech[c+dx])
- +

a+b a-b

Q |-

b b Sech d b
2+/a+b Coth[c+dx] EllipticPi[ =, Ar‘cSin[\/aJr echic+dx] , 2+ ]
a Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 2+/a+bSech[c+dx] Tanh[c+dx]
a+b a-b 3d

Result (type 1, 1leaves):

???

Problem 131: Unable to integrate problem.

j\/a+bSech[c+dx} dx

Optimal (type 4, 125leaves, 1step):
S e . a+b a-b
2 Coth[c+dx] EllipticPi| , ArcSin| ) ]
vJa+b d a+b va+bSech[c+dx] a+b

b (1-Sech[c+dx]) b (1+Sech[c+dx])
- (a+bSech[c+dx])
a+bSech[c+dx] a+bSech[c+dx]

Result (type 8, 16 leaves):

J\/a+bSech[c+dx} dx

Problem 132: Attempted integration timed out after 120 seconds.

JCoth[c+dx]2\/a+b5ech[c+dx] dx

Optimal (type 4, 246 leaves, 5 steps):
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1 a+bSech[c+dx a+b
=+/a+b Coth[c+dx] EllipticF[Ar‘cSin[\/ - [c+dx] B : ]
d a+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) Coth[c+dx]a+bSech[c+dx]
- - +
a+b a-b d
a+b a-b

2 Coth[c +dXx] EllipticPi[ R Ar‘cSin[ B
Va+b d a+b Ja+bSech[c+dx] a+b

b (1-Sech[c+dx]) b (1+Sech[c+dx])
- (a+bsech[c+dx])
a+bSech[c+dx] a+bSech[c+dx]

Result (type 1, 1leaves):

2?2

Problem 135: Result more than twice size of optimal antiderivative.

j Tanh[c +d x]
vJa+bSech[c+dx]

dx

Optimal (type 3, 31leaves, 3steps):

2Ar‘cTanh[ a+b Sech[c+d x] }

Va
Va d
Result (type 3, 82leaves):
232
2+\/b+aCosh[c+dx] Log[aVb+aCosh[c+dx] + | Vsech[c+dx] /
\/Sech[c +dx]

(\/?d\/a+b5ech[c+dx] )

Problem 136: Result more than twice size of optimal antiderivative.

j Coth[c +dx]
vJa+bSech[c+dx]

dx

Optimal (type 3, 106 leaves, 7 steps):

2Ar‘cTanh[ a+bSe\/cL1[c+dx] } Ar‘cTanh[j{amSech[mdx] ] Ar‘cTanh[ a+b Sech[c+d x] }
a \/ a-b

Va d 7 Va-bd i Va+b d
Result (type 3, 419leaves):

a+b
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1

2av/-a-b \/a-b d+a+bSech[c+dx]

v/b+acCosh[c+dx]

Vb+aCosh[c+dx] |[4+/-a-b va-b ArcTan| | V-acosh[c+dx] -

v/-acCosh[c+dx]

Va v/-a-b ArcTan| Va vb+aCosh[c +dx] | V-acCosh[c+dx] +

va-b +/-aCosh[c+dx]

Va Va-b ArcTanh| Va vb+aCosh[c+dx] | V-acCosh[c+dx] +
v-a-b +/-acCosh[c+dx]

Va va-b ArcTan| Va Vb+aCosh[c+dx] | VacCosh[c+dx] -

/-a-b +/aCosh[c +dx]

b Cosh d
Va V/-a-b ArcTanh[\/?\/ vaCoshic+dx] | VacCosh[c+dx] |Sechlc+dx]

vJa-b +aCosh[c+dx]

Problem 137: Result more than twice size of optimal antiderivative.

Coth[c+dx]3
J dx

va+bSech[c+dx]

Optimal (type 3, 262 leaves, 11 steps):
2Ar‘cTanh[ a+b Sech[c+d x] } ArcTanh [ 1/ a+bSech[c+dx] ]

e ) Jab
Va d Va-b d
bAr‘cTanh[ a+b Sech[c+d x] ] bAr‘cTanh[ a+b Sech[c+d x] } Ar‘cTanh[ a+b Sech[c+d x] ]
V a-b _ a+b B a+b 3
4 (a-b)*?d 4 (a+b)*?%d Va+b d
a+ ech[c+dXx] a+ ech[c+dXx]
Va+bSech[c+d \Va+bSech[c+d

4 (a+b)d(1-Sech[c+dx]) 4 (a-b)d(1l+Sechlc+dx])

Result (type 3, 925leaves):



8 | Mathematica 11.3 Integration Test Results for 6.5.3 Hyperbolic secant functions.nb

1

4 (a-b) (a+b)d~a+bSech[c+dx]

v/a /b +aCosh[c+dx]
/~a-b +aCosh[c+dx]

\/a+aCosh[c+dX] (a+aCOSh[C+dXJ> /

Vb+aCosh[c+dx] ||Va b

Va-b Ar‘cTan[

| V-ab

ArcTanh

[\E\/b+a(:osh[c+dx]

\Ja-b ~/aCosh[c+dx] a+aCosh[c+dx]

(\/—a—b va-b +/-1+Cosh[c+dx] ~aCosh[c+dx] /1+Cosh[c+dx]

JaTb ArcTan| \a V/b+aCosh[c+dx] |

v-a-b +/aCosh[c+dx]

v/Sech[c +dx] )+ [<2a2—3b2)

b Cosh d
V-a-b Ar‘cTanh[\/;\/ racoshic+dx] }

va-b +aCosh[c+dx]

v aCosh[c+dx]

/

(a3/2\/—a—b va-b v/ -1+Cosh[c+dx] V1+Cosh[c+dx] )+ [(2a2—2b2) [\/—a—b

a+aCosh[c+dx]

- Cosh d
\/ aracoshic+dx] (a+aCosh[c+dx]) vSech[c+dx]

*4mAPCTan[\/b+aCOSh[C+dX} ]+\EAr'cTan[ Va v/b+aCosh[c+dx] ]]
\/-aCosh[c +dx] vJa-b v/-aCosh[c+dx]

\Ja V/b+aCosh[c+dx]
/-a-b +/-aCosh[c +dx]

va va-b Ar‘cTanh[

v/-acCosh[c+dx]

}

/

\/—a+aCosh[c+dx] (a+acCosh[c+dx]) Cosh[2 (c+dx)]|Sech[c+dx]

a+acCoshc+dx]

(\/7a—b va-b v/-1+Cosh[c+dx] +/1+Cosh[c+dx]

\/Sech[c+dx] +

(a272b2+4b (b+acCosh[c+dx]) -2 <b+aCosh[c+dx])2))

a (a-bCosh[c+dx]) Cschlc+dx]?
- +

2 (a%-b?) 2 (-a%+b?)

((b+aCosh[c+dx])

/18

vJa+bSech[c+dx] )

Sech[c +dx]
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Problem 138: Attempted integration timed out after 120 seconds.

dx

J Tanh[c +dx]*

va+bSech[c+dx]

Optimal (type 4, 610leaves, 11 steps):

1 b Sech d b
-—4 (a-b)Va+b Coth[c+dx] Ellip‘cicE[Ar‘cSin[\/aJr echic+dx] ]» ax ]
bZd «/a+b a—b

b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b 15b*d

2 (a-b)a+b (8a’+9b?) Coth[c+dx] EllipticE [ArcSin|

Ja+bSech[c+dx] a+b}

]

Vva+b a-b

b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1

a+b a-b bd
a +bSech d a+b
4+/a+b Coth[c+dx] EllipticF[Ar‘cSin[\/ . chic+dx] ]» - ]
a+b a-b

b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1

- +
a+b a-b 15b3d

\a+bSech[c+dx] ] a+b}
Va+b a-b

2\/a+b (8a?-2ab+9b?) Coth[c+dx] EllipticF[ArcSin|

\/b(lSech[c+dx]) \/ b (1+Sech[c+dx]) 1
_ P

a+b a-b ad

a+b a+bSech[c+dx a+b
2~/a+b Coth[c+dx] EllipticPi]| : ,Ar‘cSin[\/ - [c+dXx] a2 ]
a Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b

8a+/a+bSech[c+dx] Tanh[c+dx] 2Sech[c+dx]a+bSech[c+dx] Tanh[c+dX]

+

15b2d 5bd

Result (type 1, 1leaves):

???

Problem 139: Attempted integration timed out after 120 seconds.

dx

J Tanh[c +dx]?
va+bSech[c+dx]
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Optimal (type 4, 310leaves, 6 steps):

1 b Sech d b

~—~—2(a-b)arb Coth[c+dx] EllipticE[Ar'cSin[\/aJr echlcrdx] ,, ax

bZd Ja+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
a+b a-b bd

a+bSech[c+dx a+b
2+/a+b Coth[c+dx] EllipticF[Ar‘cSin[\/ * [c+dX] ], 2rb

)
a+b a-b

\/b(l—Sech[c+dx]) \/ b (1+Sech[c+dx]) 1

a+b a-b ad

a+b a+bSech[c+dx a+b
2+/a+b Coth[c+dx] EllipticPi] 2. Ar‘cSin[\/ - [c+dx] ], : ]
a Vva+b a-b

b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b

Result (type 1, 1leaves):

2P

Problem 140: Unable to integrate problem.

1
J dx
va+bSech[c+dx]

Optimal (type 4, 106 leaves, 1step):

1 a+b a+bSech[c+dx a+b
—-2+/a+b Coth[c+dx] EllipticPi[ ,Ar‘cSin[\/ - lexdx ), 20
ad a a+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b

Result (type 8, 16 leaves):

1
J dx
va+bSech[c+dx]

Problem 141: Attempted integration timed out after 120 seconds.

dx

J Coth[c +dx]?
va+bSech[c+dx]

Optimal (type 4, 362 leaves, 9 steps):
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o ~ .a+bSech[c+dx] a+b
Coth[c +dx] E1lipticE [ArcSin| B ]
Va+b d a+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
a+b a-b Ja+b d

Ja+bSech[c+dx] a+b

o —1

Coth[c +dx] EllipticF[ArcSin|

a+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b ad
b b Sech d b
24/a+b Cothlc+dx] EllipticPi| ,Ar‘cSin[\/aJr echicxdx] ), 22
a Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b
Coth[c +dx] b2 Tanh [c + d x]

d+/a+bSech[c+dx] (az—bz)d\/a+b5ech[c+dx]

Result (type 1, 1leaves):

e

Problem 145: Result more than twice size of optimal antiderivative.

dx

J Coth[c +dXx]
(

a+bSech[c+dx])*?

Optimal (type 3, 142leaves, 7 steps):

2Ar‘cTanh[ a+b Sech[c+d x] } Ar‘cTanh[ a+b Sech[c+d x] ]
Va ) Vab )
a3/2d (a—b)3/2d
1/ a+bSech[c+d x]
ArcTanh [ — ] 2 b2
+
(a+b)*?d a (a®-b?) d+/a+bSech[c+dx]

Result (type 3, 927 leaves):
1

2a(-a+b) (a+b)d(a+bSech[c+dx])>?

b Cosh d
<b+aCosh[c+dx])3/2 ~||2+a b |a-b ArcTan| va v/b+acCosh[c+dx] .
\/-a-b +aCosh[c+dx]
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b Cosh d
v-a-b Ar‘cTanh[\H\/ racoshic+dx] ]

va-b aCosh[c+dx]

-a+acCosh[c+dx]
a+acCosh[c+dx]

/(\/—a—b va-b +/-1+Cosh[c+dx]

(a+aCosh[c+dx])

+

vaCosh[c+dx] +/1+Cosh[c+dXx] \/Sech[c+dx])

\/HAr‘cTan[ \a V/b+aCosh[c+dx] |-

v -a-b +/aCosh[c+dx]

[(a2 + bz)

v aCosh[c+dx]

b Cosh d
Vv-a-b Ar‘cTanh[\E\/ racoshic+dx] ]

va-b aCosh[c+dx]

a+aCoshc+dx]

\/—a+aCosh[c+dx} (a+aCosh[c+dx])/Sech[c+dx] J/

<a3/2\/—a—b va-b /-1+Cosh[c+dx] 1+ Cosh[c+dX] )+

\/b+aCosh[c+dx]

-4-+/a-b Ar‘cTan[ ]+

v/-acCosh[c+dx]

[<a2b2>

\/?Ar‘cTan[ \Ja \/b+aCosh[c+dx] ]
va-b v/ -aCosh[c+dx]

/3 \/a~b ArcTanh| vJa \/b+aCosh[c+dx] ]

v-a-b +/-acCosh[c+dx]

v/-aCosh[c+dx]

\/a+aCosh[c+dx} (a+aCosh[c+dx]) Cosh |2 (c+dx>] vSech[c+dx]

a+aCosh[c+dx]

/

(\/—a—b vJa-b +/-1+Cosh[c+dx] +1+Cosh[c+dX]
(a2—2b2+4b (b+aCosh[c+dx]) -2 (b+aCosh[c+dx1>2)) Sech[c+dx]3?+

2 3
((b+aCosh[c+dx])2(— 20 - 20
a? (-a?+b?) a?(a?-b?) (b+aCosh[c+dx])
at

(a+bSech[c+dx})3/2)

Sech[c +dx]?

Problem 146: Result more than twice size of optimal antiderivative.
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dx

J Coth[c+dx]3
(

a+bSech[c+dx])*?

Optimal (type 3, 316 leaves, 11 steps):

2 ArcTanh [ a+b Sech[c+d x] } <2 a-3 b) ArcTanh [ a+b Sech[c+d x] ]
Va ~ a-b N
a3/2d 2 (aib)S/Zd
b Ar*cTanh[ a+b Sech[c+d x] ] b Ar‘cTanh[ a+b Sech[c+d x] } (2 a+3 b) Ar‘cTanh[ a+b Sech[c+d x] ]
+a-b B a+b B a+b B
4 (a-b)*?d 4 (a+b)*%d 2 (a+b)*?d
2 b4 va+bSech[c+dx] va+bSech[c+dx]

a(a?-b?)*dVa+bSech[c+dx] 4 (a+b)®d (1-Sech[c+dx]) 4 (a-b)’*d (1+Sech[c+dx])

Result (type 3, 1019 leaves):
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1
4a(a-b)?(a+b)?d (a+bSech[c+dx])*?

v/a /b+aCosh[c+dx]
\/-—a-b +aCosh[c+dx]

| +v-ab

(b+acCosh{c+dx])*>?||(-a*b+7ab?) [\/ab ArcTan |

va v/b+aCosh[c+dx]
va-b +aCosh[c+dx]

-a+aCosh[c+dx]

ArcTanh | (a+acCosh[c+dx]) /

a+acCosh[c+dx]

(\/?\/—a—b va-b /-1+Cosh[c+dx] ~aCosh[c+dx] ~/1+Cosh[c+dx]

JaTb ArcTan| vJa \/b+aCosh[c+dx] ] -

v/Sech[c +dx] )+ (2a*-6a%*b”-2b*)
v/-a-b +/aCosh[c+dx]

b Cosh d
v-a-b ArcTanh[\/?\/ racoshic+dx] ]

va-b +aCosh[c+dx]

v acCosh[c+dx]

_ Cosh d
a+aCosh[c+dx] <a+acosh[c+dx]) Sech[c +dx] /

a+aCosh[c+dx]

(a3/2\/7a7b va-b v/-1+Cosh[c+dx] +/1+Cosh[c+dX] )+

(2a474a2b2+2b4) [\/ab

_4mArcTan[\/b+aCosh[c+dXJ ]+\/?APcTan[ Va v/b+acCosh[c+dx] ]]_
v/—aCosh[c +dx] va-b +/-aCosh[c+dx]

\a V/b+aCosh[c+dx]
v-a-b v/-aCosh[c+dx]

va Va-b ArcTanh |

|| V-aCosh[c+dx]

-a+acoshfc+dx] (a+acCosh[c+dx]) Cosh[2 (c+dx) ]| Sech[c+dx] /

a+acCosh[c+dx]

(\/—a—b va-b /-1+Cosh[c+dx] v1+Cosh[c+dx]

(a2—2b2+4b (b+aCosh[c+dx]) -2 (b+aCosh[c+dx])2)) Sech[c+dx]32+

(b+aCosh[c+dx])2(34+a2b2+4b4+ 2bS )
2 a2 (—a2+b2)2 a? (az—bz)2 (b+acCosh[c+dx])

(-a?-b?+2abCosh[c+dx]) Csch[c+dx]?

2 (—a2+b2)2

Sech[c +dx]? /(d (a+bSech[c+dx])3/2)
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Problem 147: Attempted integration timed out after 120 seconds.

dx
3/2

J Tanh[c +dx]*
(a+bsech[c+dx])

Optimal (type 4, 907 leaves, 17 steps):
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va+bSech[c+dx] a+b

[y —]

2 Coth[c+dx] EllipticE[ArcSin]|

ava+b d Vva+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b b2+/a+b d
L. ~ .a+bSech[c+dx] a+b
4acCothlc+dx] EllipticE[ArcSin| |» ]
Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
a+b a-b 3b*+/a+b d
a+bSech[c+dx a+b
2a (8a’-5b?) Coth[c+dx] EllipticE[ArcSin[\/ : [c+dx] B : ]
a+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b ava+bd
o . .Va+bSech[c+dx] a+b
2 Coth[c+dx] EllipticF[ArcSin| B ]
Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b bva+b d
o _ .Va+bSech[c+dx] a+b
4 Coth[c +dx] E1lipticF [ArcSin| |s ]
Vva+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
a+b a-b 3b3+/a+b d

vJa+bSech[c+dx] a+b}
Va+b a-b

2 (2a+b) (4a+b) Coth[c+dx] EllipticF|ArcSin|

b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b a’d
a+b a+bSech[c+dx a+b
2~/a+b Coth[c+dx] EllipticPi]| : ,Ar‘cSin[\/ : [c+dx] , 2 ]
a Vva+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 4aTanh[c +dx]
- - +
a+b a-b (a?-b?) d+/a+bSech[c+dx]
2b2Tanh[c +d x] 2a2Sech[c+dx] Tanh[c +dx]

- +

a(a?-b?)dva+bSech[c+dx] b (a®-b?)d+a+bSech[c+dx]

2 (4a%-b%) v/a+bSech[c+dx] Tanh[c+dx]
3% (a2 - b?) d
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Result (type 1, 1leaves):

2?7

Problem 148: Attempted integration timed out after 120 seconds.
J Tanh[c+dx]?
(

a+bSech[c+dx])>?

dx

Optimal (type 4, 344 leaves, 7 steps):

ab?d

\/b(l—Sech[c+dx]) \/ b (1+Sech[c+dx]) 1
- +

a+b a-b abd

b Sech d b
2 (a-b)Va+b Coth[c+dx] Elliptic:E[Ar‘c:Sin[\/a +boechfc+dx] | ar ]
Va+b a-b

a+bSech[c+dx a+b
2+/a+b Coth[c+dx] EllipticF[Ar‘cSin[\/ : [c+dx] B : ]
a+b a-b

b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b a’d

a+b a+bSech[c+dx a+b
2+/a+b Coth[c+dx] EllipticPi| . ,Ar‘cSin[\/ hl [c+dx] +

[ —1

a Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 2Tanh[c +d x]
a+b a-b ad+/a+bSech[c+dx]

Result (type 1, 1leaves):

PP

Problem 149: Attempted integration timed out after 120 seconds.

1
J dx
(a+bsechfc+dx])*?

Optimal (type 4, 347 leaves, 6 steps):
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va+bSech[c+dx] a+b

2 Coth[c+dx] EllipticE[ArcSin]|

]

- )
ava+b d Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b ava+b d
L. . .Va+bSech[c+dx] a+b
2Coth[c +dx] EllipticF[ArcSin| B ]
Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b a’d
b b Sech d b
24/a+b Cothlc+dx] EllipticPi| ,Ar‘cSin[\/aJr echicxdx] ), 22
a Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 2b?Tanh[c +dx]
- +
a+b a-b a (a2-b?) d+a+bSech[c+dx]

Result (type 1, 1leaves):

e

Problem 150: Attempted integration timed out after 120 seconds.

Coth[c+dx]?2
J( dx

a+bSech[c+dx])*?

Optimal (type 4, 665 leaves, 14 steps):
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va+bSech[c+dx] a+b

4aCothlc+dx] EllipticE[ArcSin| ]» ]
Va+b a-b
b (1-Sech[c+dx]) _b(1+Sech[c+dx]) /((a—b) (a+b)3/2d)—
a+b a-b
o ~ .Va+bSech[c+dx] a+b
2Coth[c+dx] EllipticE[ArcSin| s ]
aa+b d Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b
(3a-b) Coth[c+dx] EllipticF[Ar‘cSin[\/aerSECh[c+dx1 ]» a+b]
a+b a-b
b (1-Sech[c+dx]) _b(1+Sech[c+dx]) /((a—b) (a+b)3/2d)+
a+b a-b

va+bSech[c+dx] a+b

2 Coth[c+dx] EllipticF[ArcSin|

]

ava+b d \Va+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx]) 1
- +
a+b a-b a’d
a+b a + b Sech d a+b
2+/a+b Coth[c+dx] EllipticPi| =, Ar‘cSin[\/ rosechierdx] ), 22
a Vva+b a-b
b (1-Sech[c+dx]) b (1+Sech[c+dx])
a+b a-b
Coth[c +dx] b2 Tanh[c + d x]

d (a+bSech[c+dx])*? (a?-b?)d (a+bSech[c+dx])*?
4ab?Tanh[c +dx] 2b% Tanh[c +dx]

+

(a2-b?)*d~/a+bSech[c+dx] a (a®-b2)d+/a+bSechc+dx]

Result (type 1, 1leaves):

???

Problem 158: Result unnecessarily involves imaginary or complex numbers.

5

J X dx
v/Sech[2 Log[c x] ]

| 19
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Optimal (type 4, 108 leaves, 6 steps):

2 x2 x®
+ +

21 c*+/Sech[2Log[cx]] 7+/Sech[2Llog[cx]]

4 1
=

< [+ 1) EllipticF[2ArcCot (e x], 1]

21 ¢S (c“ + Xl—A) x \/Sech[2 Log[c X] ]
Result (type 4, 120leaves):

1 c? x?

212 c5+/c2x2 \| 1+ctx?

(«/czxz (2+5c*x*+3c®x®) +2 (—1)1/4x11+c4x4 Ellip‘cicF[J'lAr‘cSinh[(—1)1/4 x|, —1])

Problem 160: Result unnecessarily involves imaginary or complex numbers.

X3
j dx
v/Sech[2 Log[c x] ]

Optimal (type 4, 203 leaves, 8 steps):
2 2
- +

5c*+/Sech[2Log[cx]] 5c* (c2 + Xl—z) x2+/Sech[2 Log[c X] ]

2 | — (c2+X17) EllipticE[2 ArcCot[c x], i]

x4 (Cz*i)z

5+/Sech[2 Log[c x] ] 5¢3 (c4+ le)X\/Sech[ZLog[cx]}

e (c2+ Xl—z) EllipticF |2 ArcCot[cx], ﬂ

5c3 (c“ + )(17) x\/Sech[2 Log[c x] ]
Result (type 4, 155leaves):

1 c? x?

5V2 ct/chx | 1eetxt
()% (1o ctxt) -2 (-2 10 et ELLiptice[i Aresinn (1) e ], 1]+
2 (-1)4[1+ ¢ Elipticr [+ rcsinn| (1) feixd |, 1]
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Problem 162: Result unnecessarily involves imaginary or complex numbers.

J X dx
v/Sech[2 Log[c x] ]

Optimal (type 4, 87 leaves, 5 steps):

4,1
—= [+ L) EllipticF [2 ArcCot[c x], 2]
) (c2+i) X 2

X2

X

3+/Sech[2 Log[c x] ] 3¢ (c4+x%)xx/5ech[2Log[cx1]
Result (type 4, 107 leaves):

1 c? x?
2

3<c2X2)3/2 2+2C4X4

(\/CZ x? (1+c*x*) -2 (-1)Y*/1+c*x* EllipticF[iArcSinh[(-1)Y%+/c?x? ], —1]]

Problem 166: Result unnecessarily involves imaginary or complex numbers.

v/Sech[2Log[c x]]
J dx

X3
Optimal (type 4, 137 leaves, 6 steps):
(c4 + )(1—4) \/Sech[2 Log[c x] ]

+

1
x E1lipticE[2ArcCot[cx], —| +/Sech[2Log[cx]] -
2

1
2

x E1lipticF |2 ArcCot[cx], —| +/Sech[2Log[cx]]

Result (type 4, 53 leaves):

-c?+/Cosh[2 Log[c x] ] (\/Cosh[z Log[cx]] +1iEllipticE[i Log[cx], 2]) \/Sech[2 Log[c x]]

Problem 168: Result unnecessarily involves imaginary or complex numbers.

v/Sech[2 Log[c x] ]
J dx

x5

Optimal (type 4, 80leaves, 5steps):
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\/Sech[2 Log[cx]] +

1 1
- - (C4+f
3 x4

1
2

x EllipticF[2ArcCot[cx], —] +/Sech[2Log[cx]]

1 c2 x?
V2

3\ ety
(—xlcz X2 (1+cxt) + (—1)1/4 c*x*/1+c*x* EllipticF[i Ar‘cSinh[(—l)l/4 x|, —1]]

Problem 170: Result unnecessarily involves imaginary or complex numbers.

X7
J dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 141 leaves, 7 steps):
4 6 x*

+ +

77 c* (c4+ %) Sech[2Log[cx]]32 77 (c4+ l) Sech[2 Log[cx]]3/2

X4

2 | =5 [+ L) EllipticF[2ArcCotcx], ]
X

. (c2+%)2 2

11 Sech[2 Log[c x]]3/?

X

77 c5 (c4+ X%)Z x3 Sech[2 Log[c x]]3/2

Result (type 4, 128 leaves):

2 32

c° X

c? x? <4+17c4x4+20c8x8+7c12x12) n

1+c*x?

4 (-1)Y* 1+ c*x* EllipticF[iArcSinh|[(-1)Y*+/c2x? |, -1}) /[154\/7c8w/czxz

Problem 172: Result unnecessarily involves imaginary or complex numbers.

5
J dx
Sech[2 Log[cx]]3/?

Optimal (type 4, 251 leaves, 9 steps):
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4

+

. 15 ¢4 (c4+ Xl—A) (cz + %) x* Sech[2 Log[cx]]3/2

X

4 2 x?

+ +

15 ¢4 (c4+ %) x2Sech[2 Log[cx]]3/2 15 (c4+ %) Sech[2Log[cx]]3/?
X X

+ L) EllipticE[2ArcCot[cx], ]

x6

9Sech[2Log[cx]]3? 15 3 (c4+ X17)2)(3 Sech[2 Log[c x]]3/2

1
CA+7

1
()
>

15 ¢c3 (c4+ X1—4)ZX3 Sech[2 Log[c x] ]3/2

. [e2+ L) EllipticF[2ArcCotcx], 1]
N 2

Result (type 4, 164 leaves):

1

99/2 6/ c2x?

~1)>*+/1+c*x* EllipticE[i ArcSinh[(-1)"*4/c
-1 3/4\/1+c E111pt1cF JlAI"CSlnh -1 1/4w/ )

(c2x2>3/2 (11+16c4x4+5c8x8) -

1+c*x?

Problem 174: Result unnecessarily involves imaginary or complex numbers.

3

J X dx
Sech[2 Log[cx]]3/?

Optimal (type 4, 111 leaves, 6 steps):

2 x4
. _

7 (c4+ )(17) Sech[2Log[cx]]32 7Sech[2Log[cx]]??

. %) EllipticF[2ArcCot[cx], 1]
X 2

7c (c4+ %)2x3 Sech[2Log[cx]]3/2
X

Result (type 4, 119leaves):

(«/cz x? (3+4ctx*+cExB) -4 (-1)V* 1+ c*x* EllipticF[iArcSinh[(-1)Y*\/c?x? ], -1]]

| 23
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Problem 176: Result unnecessarily involves imaginary or complex numbers.

X
J dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 214 leaves, 8steps):
12 6

5 (c4+ %) (c2+ %) x*Sech[2Log[cx]]32 5 (c4+ %) x2 Sech[2Log[c x]]3/?
X X X

+

12¢ | e (c2+ Xiz) E1lipticE[2 ArcCot[cx], ]

5Sech[2 Log[cx]]3/2 1

5 (c4+ —A)2x3 Sech[2 Log[cx]]3/2

C4+L . .
6c (Tﬁ (c2+xl—z) EllipticF |2 ArcCot[cx], %]

@ +X—2)

5 (c“ + X%)Z x3 Sech[2 Log[c x]]3/?
Result (type 4, 171 leaves):

1 c? x?

10 c? (c2x2)3/2 2+2c*x4

12 1 3/4 2 2mElllpt1cE Ar'c51nh 1 Ve
12 (-1)¥*¢? 2\/mElllptlcF iArcSinh[(-1)Y*4/c ]

c? x?

(-5-4ctx"+cBx®) -

Problem 180: Result unnecessarily involves imaginary or complex numbers.

JSech [2 Log[cx]]3/?
3

dx
X

Optimal (type 4, 92 leaves, 5steps):

1 1 1
—[c4+— x?Sech[2 Log[cx]]32- —
2 x4 4c
4 1 3 s s 1 3/2
e — x> EllipticF [2 ArcCot[c x], —| Sech[2 Log[cx]]
X

2

Result (type 4, 98 leaves):
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c2x? - <—1>1/4\/1+C4X4 EllipticF[jAr‘cSinh[(—1)1/4 x|, —1})

1+c*x?

Problem 185: Result more than twice size of optimal antiderivative.

JSech[a +b Log[c x”} ]4d1x

Optimal (type 5, 69 leaves, 4 steps):
1
1+4bn

1 1 1
16e*?x (c x”)4b Hypergeometric2F1[4, — [4 + 7) , = [6 +
2 2

bn

1

bn

), -e*? (c x”)Zb]

Result (type 5, 750leaves):
1

6 b3 n3
Secha+bnlog[x] +b (-nLog[x] +Log[cx"|)] Sinh[bn Log[x]] +

(-1+4b?n?) xSech[a+b (-nlLog[x] +Log[cx"])]

xSech[a+b (-nLog[x] +Log[cx"]) ]
3bn

1
6 b2 n?
xSech|[a+b (-nlog[x] +Log[cXx"]) ]| Sech[a+bnLog(x] +b (-nLog[x] +Log|c x”}”z
(Cosh[a+b (-nLog(x] +Log[cx"|)] +2bnsSinh[a+b (-nlLog[x] +Log[cx"|)]) +

1 a+b (-nLog(x]+Log[cx"]]

bn Sech[a+b (-nLog[x] +Log[cx"]) ]

Sech[a+bnlog[x] +b (-nLog[x] +Log|c x“])]3Sinh[anog[x]} +

e
6 b3 n3 (1+2bn)

|25y (asbroglext]) Cosh[a+b (-nLog[x] +Log[cx"])]

Hypergeometric2F1[1, 1+ ! , 2+ ! , —e?(ah L°g[°""”] -
2bn 2bn
a +—nLog[x'+Log[cx":
@bn n (1+2bn) x |Cosh[a+b (-nLog[x] +Log|[cx"]) | Hypergeometric2Fi|1, o’
n
1+ = , -2 (arbnlog(x]+b (-“L°€[X]+L°g[cx"]))} +Sinh[a+b (-nlLog[x] + Log|c x"] ) ] ]) -
2bn
1 a+b nLog[x]<Log[cx"])
2e bn Sech|a+b (-nLog[x] +Log|[cx"])]

3bn (1+2bn)

|25y (aebroglext]) Cosh[a+b (-nLog[x] +Log[cx"])]

Hypergeometric2F1[1, 1+ , 2+ ! , —e2(ah LOE[CX"])] -
2bn 2bn
a +—nLDg[xj+Lug[cx":
@on " (1+2bn) x |Cosh[a+b (-nLog[x] +Log|[cx"]) | Hypergeometric2F1|1, o
n
1+ 1 L, —e? (a+bn Log[x]+b (—nLog[X]JrLog[cx"”)} +Sinh[a +b (_n Log[X] + Log[c Xn} > } ] )
2bn



26 | Mathematica 11.3 Integration Test Results for 6.5.3 Hyperbolic secant functions.nb

Problem 187: Result more than twice size of optimal antiderivative.

JSech[aJrZLog[c \/;HBdlx

Optimal (type 1, 25leaves, 3 steps):
2cbe?

2
4 22
(C - x? )

Result (type 1, 62 leaves):
—((2 (Cosh[a] - sinh[a]) (2c*x*+Cosh[a]?-2Cosh[a] Sinh[a] +Sinh[a]2))/
(c2 ((1+c*x?) Coshla] + (-1+c*x?) Sinh[a])z))

Problem 188: Result more than twice size of optimal antiderivative.

JSech[a+2 Log[i] fdlx
X

Optimal (type 1, 25leaves, 4 steps):
2 c2 e—Ba

4\ 2
(e—Za i C_)
X2

Result (type 1, 64 leaves):
—((2 c® ((c*+2x?) Cosh[a] + (c*-2x*) Sinh[a]) (Cosh[2a] +Sinh[2a])) /
((c*+x?) cosh[a] + (c*-x*) Sinh[a] )2)
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Summary of Integration Test Results

201 integration problems

A - 164 optimal antiderivatives

B - 15 more than twice size of optimal antiderivatives
C - 10 unnecessarily complex antiderivatives

D - 3unable tointegrate problems

E - 9integration timeouts



